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ABSTRACT 

We prove the L 2 convergence for an ergodic average of a product of 
functions evaluated along polynomial times in a totally ergodic system. 
For each set of polynomials, we show that there is a particular factor, 
which is an inverse limit of nilsystems, that controls the limit behavior of 
the average. For a general system, we prove the convergence for certain 
families of polynomials. 

1. I n t r o d u c t i o n  

Bergelson and  L e i b m a n  genera l ized  Fu r s t en be rg ' s  ce l eb ra ted  p roo f  [F77] of 

Szemer~di ' s  Theorem:  

THEOREM (Bergelson and  L e i b m a n  [BL96]): Le t  (X,  X,  #,  T)  be an  inver t ib le  

probabi l i ty  measure  preserving sys tem,  let e )_ 1 be an integer and le t  
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Pl (n), P2 ( n ) , . . . ,  Pe (n) be polynomials taking integer values on the integers with 
pj (0) = 0 for j = 1 ,2 , . . . ,  e. If  A E X with #(A) > O, then 

N - 1  

lira inf 1 N--,oo N E #(TPl(n)A N TP2(n)A N . . .  N TPd~)A) > O. 
n.~O 

Furstenberg's Theorem corresponds to the case that all polynomials are 

degree one. Recently in [HK02], we proved that  lim inf in Furstenberg's 

Theorem is actually a limit. Here we show that  the same result holds for the 

polynomial version in a totally ergodic system and in an arbitrary system under 

some restrictions on the polynomials. 

1.1. STATEMENT OF THE RESULT. By in teger  p o l y n o m i a l  we mean a poly- 

nomial in one variable taking integer values on the integers. We prove a result 

of convergence in L 2 for a product of bounded measurable functions evaluated 

along polynomial times: 

THEOREM 1: Let (X, X, #, T) be an invertible measure preserving system, let 

_> 1 be an integer and let pl(n), p2(n) , . . .  ,pt(n) be integer polynomials. I f  

f l ,  f 2 , . . . ,  fe E L°°(p) and {M~}, {Ni} are two sequences of integers withNi -~ 
+oc, then: 

(a) The averages 

Miq-N, -1  

1 f (1) N--~i E fl(TPI(n)x)f2(TP2(n)x)"" ft(Tp'(n)x)d#(x) 
n-= M, 

converge as i -+ +oo. 
(b) Assume additionally that at least one of the following conditions holds: 
(i) The system (X, X, #, T) is totally ergodic. 

(ii) The polynomials {Pl,P2,. . .  ,pt) are all of degree > 1. 

(iii) The polynomials {Pl,P2,.. .  ,Pe} are all of degree 1. 
Then the averages 

1 M , + N , - 1  

(2) NTi E fl(TP'(n)x)f2(rP2(n)x)'" fe(rvdn)x) 
n~M,  

converge in L2(#) as i -~ +oo. 

The case that  the system is not totally ergodic and at least one polynomial 

is of degree 1 and at least one other is of higher degree remains open. 

If one assumes that  T is weakly mixing, V. Bergelson [Be87] showed that  the 

limit in (2) exists and is constant. However, without the assumption of weak 
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mixing one call easily show that  the limit need not be constant, even for linear 

polynomials. Recently, N. Frantzikinakis and the second author [FK05] have 

shown that  the limit is constant when the system is totally ergodic and the 

polynomials have no non-trivial relations over Q. 

In [FW96], H. Furstenberg and B. Weiss proved the existence of the limit 

for the pair of polynomials n and n 2. For the family of linear polynomials 

{n,2n . . . .  ,gn}, the existence of the limit in (2) is proven by the authors in 

[HK02]. 

1.2. SKETCH OF THE PROOF. We can clearly assume that  the functions are 

real valued. Moreover, we can assume: 

(71) The polynomials pi(n) in Theorem 1 are not constant and the polynomials 

pi(n) - pj(n)  are not constant for all i # j .  

By using the ergodic decomposition of p when needed, we can assume that  

the system is ergodic. 

The proof combines three ingredients. We start with an induction similar 

to the PET induction of Bergelsonin [Be87] to show that  the limit behavior is 

determined by some factor (known as the cha rac te r i s t i c  factor) .  We show 

that  these factors are of the form of the factors Z k ( X )  introduced in [HK02] 

and we use properties proven in [HK02] to describe them as inverse limits of 

nilsystems. Lastly, we apply a recent result of Leibman [L02] to obtain the 

convergence of polynomial averages on nilsystems. Using our current method, 

unfortunately we are unable to eliminate the hypothesis of total ergodicity for 

the general case of convergence in norm. For a system which is not totally 

ergodic, the estimates we use to show that  a factor is characteristic depend on 

the specific polynomial family, making the use of the Van der Corput Lemma 

in the PET induction impossible in the general case. 

1.3. NOTATION. In general, we write ( X , p , T )  for a measure preserving 

system, omitting explicit mention of the a-algebra. We abbreviate 'measure 

preserving system' as 'system'. Let (X, #, T) be a system. Every subset of X 

is implicitly assumed to be measurable. Every function on X is implicitly as- 

sumed to be measurable and real valued. For a function f defined on a system 

X and an integer p, we use the standard shorthand of T ~ f  instead of the more 

cumbersome f o T p. 

A fac to r  of (X, #, T) is a system (Y, v, S), given with a measurable map 

~r: X -4 Y so that  7r# = u and SoTr = 7roT.  For ] E L I ( # ) ,  we consider 
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E( f  [ Y) as a function on Y; it is defined by the relation 

vE(f I Y)(y)g(y)dv(y) = f f(x)g(~r(z))dt~(x) for E L°°(v). every g 
J x  

For an integer k _> 0, we write X [k] for X 2k and the points of this space 

are written as x = (x j  : 0 < j < 2k). We write T [k] for the transformation 

T × T  x - . - x T  (2 k times) o f X  [k]. For k > 1 we often identify X [k] with 

X [k-l l  × X [k-l] in the natural way and write x = (x ' ,x")  for a point of X [k], 

with x ' , x "  E x[k-1]; thus we have T [k] = T [k-1] × T [k-l]. 

2. Prel iminaries  

2.1. NILSYSTEMS. Let G be a Lie group. The lower central series 

G (1) D G (2) D . . .  D G (i) D G (i+D D . . .  

of G is defined by 

G O) = G  and G ( i + l ) = [ G  (i),G] f o r i > l .  

This means that  G (i+1) is the subgroup of G spanned by 

{ g - l h - l g h  : g E G (~), h E G}. 

The group G is said to be a k-s tep  n i l po t en t  group if G (k+l) = {1}. 

Let G be a k-step nilpotent Lie group and let A be a discrete cocompact 

subgroup of G. The compact manifold X = G / A  is called a k-s tep  n i lmani -  

fold. The group G acts on X by left translations and we write this action as 

(g, x) ~+ g • x. The unique Borel probability measure it on X invariant under 

this action is called the H a a r  m e a s u r e  of X. Let a be a fixed element of G 

and let T : X -~ X be given by T x  = a • x.  The system (X, it, T) is called a 

k-s tep  n i l s y s t e m  or a t r a n s l a t i o n  on a n i lmanifo ld .  

Ergodic properties of nilsystems have been widely studied; see in particu- 

lar [AGH63], [Pa69], [PAT0] and [Le91]. More recently, the following theorem 

was shown by Leibman: 

THEOREM (Leibman [L02]): Let ( X , # ,  T )  be  a n i l s y s t em ,  

p~(n),p~(n),...,p~(~) 
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be integer polynomials and f l ,  f 2 , . . . ,  f t  be continuous functions on X .  Then, 
for all sequences of integers {Mi} and {Ni} with Ni --+ +oo, the averages 

1 MiTN,-1 
-~ E f l(Tm(n)x)f2(Tp:(n)x) '"  ft(TVd~)x) 

converge for every x E X.  

COROLLARY 1: The statement of Theorem 1 holds for nilsystems. 

Note that for nilsystems, the result holds without the assumption of total 

ergodicity and without restrictions on the polynomials. 

2.2. THE SEMINORMS [U" Ulk AND THE FACTORS Zk(X  ). In this Section, 

(X, #, T) is an ergodic system. We review a construction and some results 

of Section 3 of [HK02]. 

For every integer k > 0, we define a probability measure p[k] on X [k] , invariant 

under T [k] by induction. 

Set #[0] = #. For k > 0, let Z [k] be the a-algebra of T[4]-invariant subsets of 

X [k]. Then #[4+1] is the relatively independent square of p[k] over Z [4]. This 

means that  if F I, F "  are bounded functions on X [4], 

(3) fxt~÷l, Ft(x')Ftt(xtt)d]A[k+l](xt'xtt):= fx[k] ~(F' I Zt41)E(F" I zt41)dt't41" 

For a bounded function f on X we define 

2 k --1 

(4) 1}1 flll~ = ~ I I  f(xJ )d#[k](x) 
[kl j=O 

and note that 

(5) "f"4+,',:(/xikE2('~:f(xj) ~[4]Id.[k](x)>'/'kJ'l 
It is shown in [HK02] that for every k _~ i, Ill" II14 is a seminorm on L°°(#). 
Let f E L°°(#); from Equation (5), we immediately have that 

II1$111, = I f  fd~, ; for every k _> 1, IllYlII4 __ IllYlII4+, _< IlYlI~. 

For k _> 1 and an integer n, we have 
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By using the Ergodic Theorem and definition (5), we have 

N - 1  

2k+~ lim 1 TnfUl~k. (r)  IllfUlk+l = IIIf 
N--~+ex) ./Y 

n----0 

An increasing sequence {Zk(X) : k _> 0} of factors of X is built in Section 4 

of [HK02]. These are characterized by the property: 

(8) For f 6 Lo¢ (#), E( f  I Zk (X)) = 0 if and only if lU f IIIk+l = o. 

Zo(X) is the trivial factor of X and ZI(X) is its Kronecker factor. 

2.3. THE CASE OF A TOTALLY ERGODIC SYSTEM. We  assume in this 

Section that  the system (X, #, T) is totally ergodic and prove a generalization 

of relation (7). 

PROPOSITION 1: Assume that (X ,p ,T)  is totally ergodic. Then for every 

integer k > 1, any f e L~(#) and any non-zero integer a, 

2k+1 1 N--1 
][[f]]]k+l = lim E ][]f" T~nf]t[~" 

N--++c¢ 

The proof relies on the following two Lemmas. 

LEMMA 1: Let a be a non-zero integer and let (Y, g, S) be a totally ergodic 
system. Then the a-algebra of S a x Sa-invariant subsets of (Y x Y, v × ~) 
coincides up to ~, x u-null sets with the a-algebra of S x S invariant subsets. 

Proof: We can clearly reduce to the case that  a is positive. Let ] 6 L 2 (~, × u) 

be invariant under S a × S a. We write a I for the correlation measure of this 

function for the Z2-action spanned by S x id and id xS.  By definition, a f  is the 

positive finite measure on ~' x T, defined by 

~](m, n) := __fvxveXp(27d(ms + nt))dai(s, t) 

= / Y  xY f (Smx'  Sny)f(x '  y)du(x)&'(y). 

Since ] is invariant under S a × S ~, we have ~ ( m  + qa, n + qa) = ~ ( m , n )  for 

all integers m, n, q. It follows that  the measure ai is concentrated on the union 

for 0 _ j < a of the lines Dj = { ( s , - s  +j /a )  : s 6 T}. 

Assume that  af(Dj) > 0 for some j 6 {0, 1 , . . .  , a -  1}. Let r be the maximal 

spectral type of (]I, ~, S). It is classical that  a f  is absolutely continuous with 
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respect to the measure 7- × ~- and thus T X T(Dj) > O. By Fubini's Theorem, 

there exists s 6 3" so that  7 has atoms at the points s and - s + j / a .  This means 

that  exp(2~-is) and exp(2~i( -s  + j/a)) are eigenvalues of (Y, ~, S) and therefore 

so is exp(2~ij/a). By hypothesis, j = 0. 

Therefore af  is concentrated on the line Do and it follows that  f is invariant 

under S × S. | 

We note that  the previous Lemma only needed that  S a be ergodic. Similarly, 

the next Lemma only needs that  T a be ergodic. 

LEMMA 2: For every integer a # 0 and every integer k > O, the a-algebra of 
(T[kl)a-invariant subsets of X [k] coincides up to it[k]-null sets with the a-algebra 
Z[ k] o f T  [k] invariant subsets. 

Proof: For k = 0 the statement is a reformulation of the hypothesis of total 

ergodicity. For k = 1, this is a reformulation of Lemma 1 applied with (Y, v, S) = 

(X, it, T). We proceed by induction. 

Let k _> 1 be so that  the statement holds for every non-zero integer a. Let 

it[k] = f a  it~dP(w) 

be the ergodic decomposition of It [k] for T [k]. The induction hypothesis means 

that  for P-almost every w, the system (X[k],#w,T [k]) is totally ergodic. The 

invariant a-algebra of T [k+l] is included in the invariant a-algebra of (T[~+I]) a 

and so it suffices to prove the opposite inclusion. 

The definition (3) of it[k+l] can be rewritten as 

it[k+l] = ~ itw X it~dP(w). 

Let A be a subset of X [k+l], invariant under (T[k+l]) a for some non-zero integer 

a. By Lemma 1 applied with (Y, v, S) = (X [k], #~, T[k]), we have that  for almost 

every w, the set A coincides #~ x it~-almost everywhere with a set invariant 

under T [k+l]. Thus it~ x it~(A \ T[k+I]A) = 0. We have that 

#[k+l](A \ T[k+I]A) = In #~ x #~(A \ T[k+l]A)dP(w) = 0 

and A coincides up to a #[k+l]-null set with a set invariant under T [k+l], meaning 

that  the statement holds for k + 1. | 
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Proof of Proposition 1: By Equation (6) and the Ergodic Theorem, the limit 

in the Proposition exists and is equal to 

where Z[a k] is the a-algebra of (Tlk]) a invariant sets. The Proposition follows 

immediately from Lemma 2 and formula (5). | 

2.4. SYSTEMS OF LEVEL k. For an integer k > 0, we say that an ergodic 

system (X, #, T) is a sys t em of level k if X = Za (X). Thus, the unique system 

of level 0 is the trivial system and systems of level 1 are ergodic rotations. For 

every ergodic system (X ,p ,T)  and every integer k >_ 0 the system Zk(X) is a 

system of level k. We use: 

THEOREM 2 ([HK02], Theorems 10.2 and 10.4): For every integer k > 1, every 

system of level k is an inverse limit of a sequence of ergodic k-step nilsystems. 

From Corollary 1 we deduce immediately: 

COROLLARY 2: The statement of Theorem 1 holds for systems of level k for 

any integer k >_ 1. 

2.5. CHARACTERISTIC FACTORS. In the next sections, given a family of poly- 

nomials satisfying condition (7-/), we produce an appropriate factor Zk(X) of 

the given ergodic system X (called the character is t ic  factor) so that the limit 

behavior of the averages (1) remains unchanged when each fi is replaced by its 

conditional expectation on the factor Zk(X). Furthermore, assuming that one 

of the three assumptions in the second part of Theorem 1 is satisfied, the limit 

behavior of the averages (2) also remains unchanged under the same change of 

functions. More precisely, we show: 

THEOREM 3: Let (X ,# ,T)  be an ergodic system, {pl(n),p2(n),. . . ,pe(n)} a 

family of integer polynomials satisfying property (74) and m E {1, . . . ,  2}. 

(a) There exists an integer k ~_ 0 so that for any functions fl ,  f2 , . . . ,  fe E 

ifE(I.  I = 0 then 

(9) sup 1 M "N E TPl(n)fl" Tp2(n)f2""'" TPdn)fed# ) 0 
n=M 

as N -~ +oc. 
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(b) Assume that one of the three hypotheses of part (b) of Theorem 1 is satis- 
fied. Then there exists an integer k >_ 0 so that/or any functions f l ,  f 2 , . . . ,  f t  E 

L°°(#), i fE(fm I Zk(X)) = 0 then 

M + N - 1  TW(n)fe (t0) sup 1 E Tm(n)fl" T p2(n)f2"..." ---+ O. 
M n = M  L2(#) 

It follows that  under the corresponding hypotheses of Theorem 1, the differ- 

ence between the averages (1) (or (2), respectively) and the same averages with 

E(fj I Zk(X)) substituted for f j  for each j ,  converges to zero (or converges to 

zero in L2-norm, respectively). As Zk(X) is a system of level k, Theorem 1 

follows from Corollary 2. The reader can check that  the constant k arising 

in the Theorem does not depend on the particular system, but only on the 

polynomials. 

3. T h e  l inear  c a s e  

Henceforth (X, #, T) is an ergodic system. We state more precisely a result 

of [HK02]; it implies that  Theorem 3 holds when all polynomials are of degree 

1. 

PROPOSITION 2: Let ~ > 1 be an integer and let a l ,a2 , . . . ,ae  be pairwise 
distinct non-zero integers. There exists a constant C = C(al ,a2, . . . ,ae)  so 

that, for all functions f l , f 2 , . . .  ,fe with [fil <- 1 and for everym E {1, . . . ,g} ,  

~ M+N-1 ra~n fe 2 V" lim Ta'n f l . T a :  f2 " . <_ CIIIL,dlle+l sup sup /~ .. - 
N--~oo M n = M  

Furthermore, if  (X, #, T) is totally ergodic, the constant C can be taken equal 

to 1. 

Proof'. We proceed by induction on L Let a be a non-zero integer and let 

f E Lc~(#). Let la denote the Ta-invariant a-algebra of (X,#).  Let {Mi} and 

{Ni} be two sequences of integers with Ni -~ +ec. Then when i --+ +oc, 

1 M i + N i - 1  l 

n =  Mi 2 

llE(f I 

If the system is totally ergodic, this limit is equal to If fd#l : n[fJ[[1 _ M[]Ul2 
and the second part of the Proposition is proven for g -- 1. 
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Returning to the general case, we have that 

]]E(f ] Z~)]]~ = lira f .  Tanfd#  
N-+oo n=O 

< lim sup 1 f .  T , n f d #  
- -  N--+oo g n=O 

~ 1 ( /  )2 
< [a[ limsup 1 f"  T n f d #  = lal" IIl/[llJ 
- -  N--+c~ N n=0 

by Relation (7). This proves the first part of the Proposition for e = 1. 

Assume that the result of the Proposition holds for some e _> 1. Let 

al ,a2 , . . . ,ae+l  be distinct non-zero integers, let rn C {1,. . . ,~ + 1} and let 

f l , f 2 , . . .  ,fe+l e L~(#)  with Ifd < 1. Choose j e {1,2,.. .  , £+  1} with j ¢ m 
and let C be the constant associated to the family of integers 

{ a i - a j  : l < i  < t +  l, i <_j}. 

For n E g define 

Un = T a l  f l  " T~2n f2 " . . . " Ta~+l  f e + l .  

For all integers M, N with N > 0 and every integer h, 

M + N - 1  M + N - I  g+l 
1 z j 

7z=M ~=M {-----I 

1 
= f j . T = , h f j . - ~  

1 M + N - 1  

II 
n = M  1<~<e+1 

~7~3 

By the inductive hypothesis, 

aim.p up 
N-->oo M n = M  

By the Van der Corput Lemma, 

M + N - 1  

I I  T(a'-aJ)n(f* " Ta'h f*)d#[ 
n = M  1<_~<_e+1 

~Ts) 

T(=*-%)n(k' T~'hk)  2" 

f un" Un+hd# < VIII fro' Ta"hf~llle+l. 

~ n  2 H--1 
M + N - 1  2 1 

limsupsup Z < Climsup ~ IIIfm" TamhfmIlle+l 
N.-+oo M n = M  --  H--++oc -'g h=O 

/ 1 H-a  ,~ 1/2 TM 

< C lim sup k~ ~\  ~ I1[ f r o "  ,'~a,nh 4c Illegal-1 ) _ . t  J m  Ill g-k 1 
H-++c¢ ~ 
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If the system is totally ergodic, C = 1 by the inductive hypothesis and the 

above lim sup equals 2 [[[fm[[[e+2 by Proposition 1; this shows the second part  of 

the Proposition for g + 1. In the general case, the last expression is bounded by 

C]am]l/2~+l lim sup ( 1H---~q-oo 

H-1 
h 2t+l / 

h----O 

1/2 T M  

Cla~]l/2 T M  2 
: IIIf~ll le+2 

by Equation (7) and the first part of the Proposition is proven. | 

4. P o l y n o m i a l  famil ies  

4.1. ORDERING POLYNOMIAL FAMILIES. 

Defini t ion 1: Let r _> 0 be an integer. An in t ege r  p o l y n o m i a l  w i th  r pa ra -  

m e t e r s  is an integer polynomial whose coefficients are polynomial functions of 

r integer parameters. 

We abbreviate the expression "integer polynomial with r parameters" as I.Pr 

or I.P. when the number of parameters is not important. An I.Po is simply 

an integer polynomial. We write an I.P~ in the form p ( h l , . . . , h ~ ; n ) ,  where 

h i , . . . ,  h~ are the parameters and n is the variable. 

The d e g r e e  of a non-identically zero I.P. is its degree in the variable n, 

meaning it is the largest integer d so that the coefficient of n d is not identically 

zero. 

Defini t ion 2: Let r _> 0 be an integer. A p o l y n o m i a l  fami ly  w i th  r pa ra -  

m e t e r s  is a finite non-empty sequence 

(11) {P l (h l , - . - , h r ; n )  . . . .  , p~ (h l , . . . , h r ;n )}  

of integer polynomials in r parameters so that: 

(i) For 1 < i < g, the polynomial p~ has a degree >__ 1. 

(ii) For 1 < i, j _< g with i ~ j ,  the polynomial Pi - Pj has a degree >__ 1. 
Moreover, a polynomial family with r parameters as in (11) is given with a 

mark ,  meaning an index m E {1 ,2 , . . . ,  e}. The I.P. Pm is called the m a r k e d  

po lynomia l .  

We abbreviate the expression "polynomial family with r parameters" as P.Fr 

or P.F. 
The set of polynomial families is partitioned according to their t ypes ,  which 

we now define: 
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Definition 3: Let :P be a P.Fr, as in (11). g is called the l e n g t h  of this P.F. 

The maximum degree d of the polynomials is called the deg ree  of the P.F. 

For 1 < j < d, consider the subfamily of ~ consisting in polynomials of degree 

j .  Let wj be the number of distinct coefficients of n j in this subfamily of poly- 

nomials. The vector (d, Wd, Wd-1, . . . ,  Wl) is called the t y p e  of the polynomial 

family. 

We say that  the P.F. is s t a n d a r d  if the degree of the marked polynomial is 

equal to the degree of the family. We abbreviate "standard polynomial family 

with r parameters" as S.P.Fr or S.P.F. 

By definition, for a family of type (d, wd,Wd-1, . . . ,Wl)  and of length ~, we 

have Wd > 0 and Wd Jr Wd-1 Jr "'" Jr Wl <_ ~. 

Let the set of all possible types be ordered lexicographically. This means that  
t ! ! if (d, Wd,Wd-1,. . . ,Wl) and (d ,Wd,,Wd,_l,.. .  ,w~) are types, we have 

I I ! I 
(d, w d , W d - l , . . . , W l )  > ( d , w d , , W d , _ l , . . . , W l )  

: = - ~ and Wd-1 > Wld_l ~ i f d > d  r , or i f d  d ~ a n d w d > w l g , o r i f d  d ~ , w d - w  d .. . .  
The following Lemma is immediate: 

LEMMA 3: Any decreasing sequence of types is eventually constant. 

This implies that  the ordering of types is a well  o rder ing :  every non-empty 

set of types has a smallest element. 

4.2. T w o  PROPERTIES OF POLYNOMIAL FAMILIES. In the next section we 

show by induction that  some polynomial families satisfy two properties. Before 

stating the theorem we need some more notation: 

For r > 1 we define inductively the notion of a smal l  s u b s e t  of Z r. A subset 

of Z is small if and only if it is finite. A subset E of Z ~+1 is small if and only if 

there exists a small subset F of Z r so that  the subset 

{n E Z : ( n l , n 2 , . . . , n r , n )  • E} 

of Z is finite for every (nl, n 2 , . . . ,  nr) • Z ~ \ F.  

Note that  if p(nl, n 2 , . . . ,  nr) is a non-identically zero integer polynomial in r 

variables, then its zero set 

{ (n] ,n2 , . . .  ,nr) • zd  : p (n l ,n2 , . . .  ,nr)  = 0} 

is small. 

We say that  a property holds for a lmos t  eve ry  (nl, n 2 , . . . , n r )  • Z r if it 

holds outside a small subset of Z r. To avoid the need to consider some special 
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cases separately, we use also this sentence for r --- 0. In this case, the sentence 

"the property holds for almost every (hi, n2 , . . . ,  nr) E Z r'' simply means that 

the property holds. 
The properties that  we study for a P.F. are the following. 

Definition 4: Let k _> 1 be an integer and let ~" be a P.Fr as in (11), with mark 

m .  

(i) 

(ii) 

We say that ~ satisfies property Z (with constant k) if, for all functions 

f l ,  f 2 , . . - ,  f t  E L°°(#), if [[[fm[l[k = 0 then 

(12) 
M + N - 1  

M n = M  

/ T p'(h' . . . . .  h";n) f l  • . . .  • T p*(hl ..... h";n) f~d/.t ~ 0 

as N -+ +oc, fQr almost every ( h i , . . . ,  hr) E Z r. 

We say that ~" satisfies property Af (with constant k) if, for all functions 

f i ,  f~ , . . . ,  fe E i°¢(#) ,  if [[[fm[[[k --- 0 then 

1 M + N - 1  

(13) sup 
M n = M  

TP'(hl ..... h 'm)fl """TV~(h~ ..... hr;~)fe ] ~ 0 
2 

as N ~ +ec,  for almost every (h i , . . .  ,h~) ~ Z r. 

A P.F. satisfying property Af also satisfies property 5[ with the same constant. 

By Proposition 2 every P.F. of degree 1 satisfies property (Af). 

5. T h e  ma in  i n d u c t i o n  

We proceed by induction: starting with a P.F we modify it by applying alter- 

nately two transformations. We show that this algorithm stops after a finite 

number of steps. 

5.1. THE TRANSFORMATION A. Let Y be a P.Fr as in (11), with mark m and 

type (d, W d , . . . ,  w l ) .  
Let J be the set of i E {1, 2 , . . . ,  ~} so that pi(hl,  • • •, hr; n) is of degree 1 (note 

that  this set may be empty). Let 7 be the sequence of I.Pr+l with parameters 

h i , . . . ,  hr, hr+l obtained by concatenation of the sequences 

{ p i ( h l , . . . , h r ; n )  : i ¢ J}; { p ~ ( h l , . . . , h r ; n  + hr+l) : i ~ J}; 

{ p ~ ( h l , . . . , h r ; n )  : i E J}. 

It follows immediately that this sequence satisfies the condition of Definition 1 

and so is a P.Fr+I. Take p m ( h l , . . .  , h r ; n )  to be the marked polynomial. We 
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say that  that  the family iT' is the result of the t r a n s f o r m a t i o n  A applied to 
b r . 

The type of iT' is equal to the type (d, wd, . . .  ,Wl) of iT. If iT is a S.P.F. then 

iT' is also a S.P.F. If b r is of degree > 1, then the length of 7 is strictly greater 

than the length of iT. 

LEMMA 4: Let iT be a P.Fr as in (11) with mark m and assume that the degree 

Of pm(hl , .  . . ,  hr; n) is > 1. Let iT' be the P.Fr+I obtedned by transformation A 

applied to iT. 
I f  iT' satisties property (I) with constant k, then Jr satisfies property (.hi) 

with the same constant. 

Proof'. We proceed as in the proof of Proposition 2. Let f l , . . . ,  fe E L°°(#) 

and assume that  IIIfmlllk = 0. For ( h l , . . . , h r )  E Z r and n e Z we write 

u ( h l , . . . ,  hr; n) for the function 

H Tp~(hl ..... h";n)fi" 
i<g 

For i E J and for ( h i , . . .  ,hr+l)  E Z r+l we have 

p i ( h l , . . . ,  hr; n + hr+l) - p i ( h l , . . . ,  hr; n) = hr+lqi(hl . . . .  , hr) 

for some polynomial qi in the variables h i , . . . ,  hr. We have 

f u ( h l , . . . , h r ; n ) ' u ( h l , . . . , h r ; n  + hr+l)d# (14) 

¢~J 

I ITP ' (h l  ..... h,.;n)(l~.Th~+lq,(h~ ..... h , . ) i i ) d ~ .  
iEJ  

Note that  m ¢ J. By hypothesis, for almost every ( h i , . . . ,  h~, hr+l) E Z r+l, 

the averages for n in an interval of this integral converge to zero when the length 

of the interval tends to +co. 

Therefore, for almost every ( h i , . . . ,  h~) E Z ~, the same property holds for all 

but a finite number of values of hr+l. By the Van der Corput Lemma, 

M + N - 1  hr; n) 2 
N E ~ t ( h l ' " "  --~ 0 s~p/p 

n: /~ 

as N --+ +oo. This is the announced result. | 
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5.2. THE TRANSFORMATION B. Let F be a S.P.F~ as in (11), with mark m 

and length g > 1. 

CLAIM 1: There  exis ts  j E {1 , . . . ,g} ,  different than m ,  so that  the fami ly  H 

given by 

(15) { p i ( h l , . . . , h r ; n )  - p j ( h t , . . . , h r ; n )  : 1 < i < 6, i 7~j} 

with m a r k  pm(h l  , . . . , h~; n) - p j (h l  , . . . , hr; n) is a S.P.Fr of t ype  s tr ic t ly  less 

than the t ype  o f  F .  

Proo f  o f  the claim: We note that  Y is a P.F~. Let (d,  w d , W d - 1 , . . .  ~Wl) and 
! ! 

(d l ,Wd , ,Wd ,_ l , . . . ,Wt l )  be the types of 5 c and of T ,  respectively. Note that  

d ~ _< d. We distinguish three cases. 

1) A s s u m e  that (d,  W d , W d -  1 . . . .  ,Wl) = (d, 1 ,0 , . . .  ,0). 

This means that  all polynomials of the given family have the same degree d and 

the same leading coefficient. Choose j ¢ m so that  Pm -- Pj has the maximal 

possible degree. Then d ~ is equal to the degree of p,~ - p j  and T is a S.P.F. 
' ' 

Moreover, d' < d and thus (d, wd ,Wd-1 ,  • • •, Wl) > (d ,Wd,, Wd'~ -1,  • 

2) A s s u m e  that (d, Wd,Wd-] . . . .  ,Wl) = (d, Wd ,O, . . . ,O)  with Wd > 1. 

Then all polynomials of the given family have the same degree d but not the 

same leading coefficient. Choose j E {1 , . . . ,  5} so that  the leading coefficients 
! 

of pj and Pm are different. Then d ~ = d, 7 is a S.P.F. and w d = w d - 1. Thus 
! ! ! 

(d, wd,Wd-1 . . . .  ,W]) > ( d ' , W d , , W d , _ l , . . . , W l ) .  

3) A s s u m e  that w~ > 0 for  some r < d. 

Choose j so that  pj has the smallest possible degree r. Then r < d and j 7~ m; 

Y is a S.P.F. and 

! ! (d , W d ,  , I 1 ! ! W d , _ l , . . .  , W ] )  = ( d ,  w d , W d _ l , . . .  , W r - ] - l , W r  - -  1 , W r _  1 . . . .  , e l )  

which is strictly less than (d, Wd, Wd--1 , . . . ,  Wl).  

The claim is proven. | 

Let j E {1 , . . . ,  5} be as in the claim. If there are several possible choices for 

j ,  we take the smallest one. We say that  the S.P.F. 7 defined by (15) is the 

result of the t r a n s f o r m a t i o n  B applied to 5 c. The length of 7 is ~ - 1. 

LEMMA 5: Let  .7: be a S.P.Fr of  length f > 1 and let J:' be the S.P.F~ obtained 

by apply ing the transformation B to .7:. 

I f  .~' satisfies p roper t y  ( N )  with constant  k, then 2: satisfies p roper t y  (Z) 

with the same constant.  
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Proof'. Let the P.F. 5 r with mark m be written as in (11). 

notation as above. For all integers M, N with N > 0 we have 

N M+N-1 f [ Z H TP~(hl ..... h";n)fid# 
n=M l(i( t  

i /  M+N-1 1 

n=M l<i<! l M+N-1 
1 

Ilk, It,. F_, II  
n=M l<_~<_e 

and the result is proven. | 

We use the same 

TP,(hl ..... hr;n)-p1(hl ..... hr;n)fid# 

TPi(hh'"'h';n)-pj(hl""'h~;n)fi 2 

5.3. T H E  ITERATION. 

PROPOSITION 3: 

(i) Every S.P.F. satisfies property (Af). 
(ii) Every P.F. satisfies property (Z). 

(iii) Every P.F. such that the marked polynomial has degree > 1 satisfies 
property (Af ). 

Proof'. (i) Consider first a P.Fr of degree 1. The family of polynomials in the 

variable n obtained by fixing the values of the parameters satisfies property (7-/) 

for almost every choice of these values. By Proposition 2, property (Af) holds 

for this P.F. Thus we can restrict to polynomial families of degree > 1. 

Starting with a given S.P.Fr 5 r of degree > 1 we alternately apply transfor- 

mations A and B, starting with transformation A. 

Since 5 r is of degree > 1, the S.P.F. obtained after the first transformation A 

has length > 1 and transformation B can be applied. Assume now that  the P.F. 

obtained after some of the transformations B of the iteration has degree d' > 1, 
length ~, >_ 1 and is a S.P.F. Then the S.P.F. obtained by transformation A has 

degree d p > 1 and of length >__ e' + 1 > 1. Again, applying transformation B is 

possible. The result of this transformation is a S.P.F. of length > e' > 1. 

Therefore it is possible to continue the iteration as long as the S.P.F. is of 

degree > 1. A S.P.F. of degree i can occur only after a transformation B. 

The type is preserved by transformation A and decreases strictly when the 

transformation B is applied. By Lemma 3, the iteration stops after a finite 

number of steps, resulting in a S.P.F. of degree 1. 
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Each time we apply transformation A, the S.P.F. has degree > 1. Thus the 

marked polynomial is of degree > 1 and we can use Lemma 4. 

At the end of the iteration we obtain a S.P.F. of degree 1 and, as already 

noted, property (Af) holds for this S.P.F. By alternating Lemmas 4 and 5, we 

have that the initial P.F. satisfies property (Af). 

(ii) Let .T be a P.Fr as in (11) of type (d, Wd,... ,Wl). Define ~ '  to be 

{n d+l + p i ( h l , . - . , h r ; n )  : 1 < i < g}. 

Then .T ~ is a S.P.F. and satisfies property (Af) by part (i) of the Proposition 

and thus also property (Z). For all functions f l , . . . ,  ft E L °°(#) and integers 

M, N with N > 0, the integral in (12) remains unchanged when the P.F. 7 is 

substituted for 5 r. Therefore 9 v satisfies property (1:). 

Part (iii) of the Proposition follows immediately from part (ii) and Lemma 4. 

I 

5.4.  THE CASE OF A TOTALLY ERGODIC SYSTEM. 

PROPOSITION 4: Assume that (X, #, T) is totally ergodic. Then property (Af) 
holds for every P.F. 

Proof." We assume that (X, #, T) is totally ergodic. The proof follows along the 

same lines as the proof of Proposition 3, by using a quantitative version of the 

properties (Z) and (Af) and corresponding modifications of Lemmas 4 and 5. 

Definition 5: Let k _> 1 be an integer, a E (0, 1] a real and 3 r aP.Fr as in (11), 

with mark m. 
(i) We say that ~" satisfies property Z ~ (with constants k and a) if, for all 

functions f i ,  f2 , . . . ,  fe E i~ (# )  with Ifil -< 1 for each i, 

(16) 
M + N - 1  

lim sup sup -U / .TP~(h| 1 ~ T p l (h l  ..... h ~ ; n ) f l " . .  ..... h r ; n ) f e d #  --~ I]lfmIl]~" 
N --~ + cx) M iv  n= M J 

for almost every (h i , . . . ,  h~) E ZL 
(ii) We say that /P satisfies property Af ~ (with constants k and a) if, for all 

functions f l , f2 , . . .  ,re E L~(#)  with [fiI ~ 1 for each i, 

(17) 

limsupsup 1 M+N-1 ..... h,.;~)fe 2 
M N T p (hl . . . . .  " ' ' '  " TP'(h  --<lllf- lll  

n = M  

for almost every (h i , . . . ,  h~) E Z r. 
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Property A/" with constants k and a implies property Z' with the same 

constants. It also implies property Af' with constants k' and a'  if k' _> k and 

0 < a'  < a (because ][]fml]lk < ][Ifmlllk' <-- 1). 

LEMMA 6: Let .7: be a P.Fr as in (11) with mark m. Let 7 be the P.F~+I 

obtained by transformation A applied to :V. If H satisfies property (Z') with 
constants k and a, then J: satisfies property (N') with constants k + 1 and a/2. 

Proof of Lemma 6: Let J, the polynomials qi and u(hl , . . . ,  hr;n) be defined 

as in the proof of Lemma 4. We distinguish two cases. 

Assume first that m ~ J. By hypothesis, for almost every (h i , . . . ,  hr, hr+l), 

the limsup of the absolute value of the averages in n of the integral (14) is 

bounded by tllfmlll~." 
By the Van der Corput Lemma, for almost every (h i , . . . ,  hr), the limsup of 

the L2-norm of the averages in n of the functions u(hl , . . . ,  h~; n) is bounded by 
a/2 IIIfmlll~./2 ~ IIIfmlllk+l" This is the announced result. 

Assume now that m E J. By hypothesis, for almost every (h i , . . . ,  h~, h~+l), 

the limsup of the absolute value of the averages in n of the integral (14) is 

bounded by ]l]fm ' Th"+lq"~(hl ..... h")fml[]~. By the Van der Corput Lemma, the 

lim sup of the L2-norm of the averages in n of u (h l , . . . ,  h,.; n) is bounded by 

H - 1  )112 
lim sup ( 1  q,,,(h~ ..... h,,) fm[][~, H-++OO k H Z ]][fm" T h''+l 

h,,+1:0 
H-1 ( 1  (hi ..... hv)~" 2k~ O~/2k+1 

< limsup Z Illfm' Th"+'q a m  k ] -- Illfmlll~+l 
H--++oo hv+l=0 

by Proposition 1. This means that 5 r satisfies property YV with constants k + 1 

and a and so also with constants k + 1 and a/2. | 

The proof of the following Lemma is similar to the proof of Lemma 5: 

LEMMA 7: Let 9 r be a S.P.Fr of length f > 1 and let Y:' be the S.P.F~ obtained 
by applying transformation B to yc If J:' satisfies property (Yff~) with constants 
k and a, then jr satisfies property (I ~) with the same constants. 

We continue exactly as in the proof of Proposition 3. Property (H') is satisfied 

by a P.F. of degree 1 by the last part of Proposition 2. The same iteration as 

in the proof of Proposition 3 shows that every S.P.F. satisfies property (Aft). 

We deduce that every P.F. satisfies property (Z') and, by using Lemma 6, that 

every P.F. satisfies property (Af'). Property (Af) follows immediately. | 
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5.5. END OF THE PROOF OF THEOREM 3. Any family of integer polynomials 

satisfying hypothesis (7-/) is aP.F0. Therefore part (a) of Theorem 3 follows 

from part (ii) of Proposition 3. Part (b) of this Theorem for linear polynomials 

follows from Proposition 2. If all polynomials are of degree > 1 this statement 

follows from part (iii) of Proposition 3, and when the system is totally ergodic 

from Proposition 4. 
As noted, Theorem 1 follows from Theorem 3 and Corollary 2. 
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